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DESTABILIZATION 


S. KALISZEWSKI, TRON OMLAND, AND JOHN QUIGG 


Abstract. This partly expository paper first supplies the details 
of a method of factoring a stable C*-algebra A as H G /C in a 
canonical way. Then it is shown that this method can be put into a 
categorical framework, much like the crossed-product dualities, and 
that stabilization gives rise to an equivalence between the nondegen¬ 
erate category of G*-algebras and a category of “/C-algebras”. We 
consider this equivalence as “inverting” the stabilization process, 
that is, a “destabilization”. 

Furthermore, the method of factoring stable G*-algebras gener¬ 
alizes to Hilbert bimodules, and an analogous category equivalence 
between the associated enchilada categories is produced, giving a 
destabilization for ^‘-correspondences. 

Finally, we make a connection with (double) crossed-product 
duality. 


1. Introduction 

We start with some well-known facts that nowadays can be fonnd 
in any textbook on C*-algebras. The stabilization of a C*-algebra 
A is A <S) JC, where /C denotes the compact operators on a separable 
inhnite-dimensional Hilbert space. Since /C ® /C ~ /C, stabilizing twice 
does not (np to isomorphism) prodnce anything new, as the name 
snggests. In other words, stabilizations of C^-algebras, are precisely 
those C^-algebras A snch that A ~ A ® /C, and any A satisfying this 
property is simply called stable. An obvions qnestion is; how can we 
characterize stable C^-algebras? While this problem may have several 
approaches, onr goal is to answer the following: given a C^-algebra A, 
how can we decide whether there exists some C^-algebra B snch that 
A ~ H ® /C, and then how can we produce such a H in a canonical way? 
A trivial answer comes straight from the dehnition, namely there exists 
snch a H if and only if A ~ A 0 /C, in which case we can take B = A. 
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This is unsatisfying on two levels. First of all, the property A ~ A 0 /C 
is not very convenient to check, and secondly, the choice B = A does 
not allow for a possibly nnstable algebra B. Another, possibly more 
nsefnl, characterization of stable C^-algebras that seems to ns to be 
folklore is that A is stable if and only if there is a nondegenerate copy 
of K, in M{A). Then one can nse a choice of matrix units in /C to 
decompose A as infinite matrices whose entries come from a C^-algebra 
5, and then A ~ i? 0 /C. The challenge is to prodnce a C^-algebra 
that is isomorphic to this B without having to choose matrix units, i.e., 
canonically. One way becomes apparent by considering how to pick B 
ont of i? 0 /C. We have an injection from B to M{B 0 1C) given by 
6 HA 6 0 W, where W denotes the identity element of M(/C). The trick 
is to identify the image B C) Ik. inside M{B 0 /C). Obvionsly B C) Ik 
commntes with 1^ 0 /C, and also mnltiplies 1^ 0 /C into B ^ 1C. This 
gives the characterization of interest to ns, and a short, very rongh, 
snmmary (nsing different argnments from those we present here) can 
be fonnd in [Fis041 Section 3]. We feel that it is nsefnl to “officially” 
record the details for convenient reference, since it seems difficult to dig 
them out of the literature, and moreover we think it is appropriate to 
make onr arguments as elementary as possible. We give the details in 
Proposition 3A after recalling some background material in Section 

In Theorem |4.4| we parlay the characterization of Proposition 3.4| 
into an eqnivalence between the categories of C^-algebras and of “/C- 
algebras” (stable C*-algebras equipped with a given embedding of /C — 
see Section]^ for the definitions). Here the morphisms in both categories 
involve nondegenerate homomorphisms into multiplier algebras. We 
then discuss how this category equivalence fits into a general framework 
we described in |KOQ Section 4]: if we consider the stabilization process 
i? HA A = H 0 /C, Theorem |4.4| tells ns what extra data we need to 
recover B from A, i.e., to “invert the process”. In |KOQ| we study this 
in a technical manner, using basic category theory, and we introduce a 
concept we call “good inversion”, where the inverse image of an output 
of the process is classified up to isomorphism by the automorphisms of 
the output. We observe in Section that Theorem 4.4 is an example of 
a good inversion. 

In Section we extend Proposition 3A to Hilbert bimodules, and 
in Section we apply this to make stabilization into an eqnivalence 
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between enchilada[^ categories, where the morphisms come from C*- 
corresp ondences. 

Recall that two C^-algebras A and B are stably isomorphic ii A® 1C ~ 
B ® 1C, and this condition is stronger than Morita equivalence, that is, 
every C^-algebra A is stable up to Morita equivalence. Therefore, one 
should think of the results of Section|5]and Section|6]as a characterization 
of which C^-correspondences are stable. 

Furthermore, it is a consequence of the Brown-Green-Rieffel theorem 
[BGR77j that separable G*-algebras are Morita equivalent if and only 
if they are stably isomorphic. In light of this, we briefly compare 
the nondegenerate and enchilada categories when restricted to the 
subcategories of separable stable G^-algebras. 

Finally, in an another extended remark at the end we make a con¬ 
nection with duality for the double crossed product by an action or a 
coaction. 


2. Preliminaries 


The category equivalences we will develop in this paper are based upon 
two categories of G*-algebras, the nondegenerate and the enchilada. 


Definition 2.1. In the nondegenerate category of C*-algebras, a 

morphism <f>\ A ^ B is a. nondegenerate homomorphism (f: A ^ M{B). 

Before dehning the enchilada category, we recall some basic facts 
about G^-correspondences. 


2.1. G*-Correspondences. We refer to |EKQR06] Chapters 1-2] for 
G*-correspondences and their multipliers. Given G*-algebras A and B, 
recall that an ^4 — R correspondence is a (right) Hilbert R-module X 
equipped with a homomorphism (p: H —)■ C{X). We frequently write 
a- X = ip{a)x. Further, X is called nondegenerate if A- X = X, and full 
if span(X, X)b = B. We will always require our correspondences to be 
nondegenerate, but we do not need them to be full, i.e., span(X, X)b 
might be a proper ideal of R. In [EKQRO^ , nondegenerate A — B 
correspondence are called right-Hilbert A — B bimodules. 

A G*-algebra D can be regarded as a correspondence over itself in 
the standard manner, using the algebraic operations of D, and then if 
X is a nondegenerate A — B correspondence the external tensor product 
X ® D is a nondegenerate [A® D) — [B ® D) correspondence. 


^the term “enchilada” is informal, and originated when the authors of the AMS 
Memoir |EKQR06l published a smaller paper [EKQROO] as an introduction to the 
techniques, and referred to the smaller paper as the “little taco” and the memoir as 
the “big enchilada” 
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An A — B Hilbert bimodule is an A — B correspondence X that also 
is a left Hilbert A-module and satisfies the compatibility condition 
A{x,y) ■ z = X ■ {y, z)B] |EKQR06] would call X a partial imprimitivity 
bimodule. Note that, just as a Hilbert H-module is automatically 
nondegenerate as a right H-module, an A — B Hilbert bimodule is 
automatically nondegenerate as an A — H correspondence. We call an 
A — B Hilbert bimodule right-full if it is full as a Hilbert H-module, 
and left-full if it is full as a left Hilbert A-module; |EKQR06] uses the 
terms left-partial imprimitivity bimodule and right-partial imprimitivity 
bimodule, respectively. Of course, we call a Hilbert bimodule that is 
both left- and right-full an imprimitivity bimodule. The linking algebra 
of an A — R Hilbert bimodule X isL(X) = (^^)- 

The multiplier bimodule of an A — R correspondence is M{X) = 
Cb{B,X) (see |EKQR06 Dehnition 1.14]), which is an M{A) — M{B) 
correspondence in a natural way (see lEKQROG, 


Proposition 1.10]). 


Definition 2.2 ( |EKQR06 , Chapter 2]). The enchilada category 0*^^ 
of C*-algebras has the same objects as C*jj, but now when we say 
[X]: A ^ B is a morphism in the category we mean [X] is the isomor¬ 
phism class of a nondegenerate A — B correspondence X. Composition 
of morphisms is given by balanced tensor products, and the identity 
morphisms by the C^-algebras themselves, viewed as correspondences 
in the standard way. 


2.2. Category equivalences and inversions. Recall the following 
elementary concepts from category theory: a functor R: C —)■ R between 
categories C and V is 

• full if F maps MoY{x,y) surjectively to MoT{Fx,Fy) for all 
objects X, y in C; 

• faithful if F maps Mor(a:,|/) injectively to Mor(Ra:, Ry) for all 
objects X, y in C; 

• essentially surjective if every object in R is isomorphic to one 
in the image of R; 

• an equivalence if it has a quasi-inverse, that is, a functor 
G-.T>^C such that the compositions GF and FG are nat¬ 
urally isomorphic to the identity functors. 

We need the following result from |Mac981 Section IV.4, Theorem 1]: 
R: C —?■ R is an equivalence if and only if it is full, faithful, and 
essentially surjective. Moreover, it follows from the proof of the theorem 
in jMac98j that if for every object ?/ of R we choose an object Gy of C 
and an isomorphism 6y : FGy — )■ y, then G extends uniquely to a quasi¬ 
inverse of R whose morphism map has the following universal property: 
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for every morphism g: y ^ z inV, Gg is the unique morphism in C 
making the diagram 


Gy 

I 

Gg I ! 
Y 

Gz 


FGy 

FGg 

FGz 


commute. When we need to refer to this, we will just say “by generalized 
abstract nonsense”. 

A morphism (j) is an isomorphism in the nondegenerate category if 
and only if it is a C*-isomorphism in the nsnal sense, and a morphism 
[X] is an isomorphism in the enchilada category if and only if X is an 
imprimitivity bimodule. 

Recall from KQQ Dehnition 4.1] that we say an inversion of a 
fnnctor P\ C —)■ "D is a commutative diagram 


C— 

F 

V 

of functors snch that 

(i) P is an equivalence of categories; 

(ii) P is a category whose objects are pairs {A, a), where A is an 
object of V and a denotes some extra strnctnre; 

(iii) F is defined by F{A, a) = A on objects, and is faithful. 

Moreover, the inversion is good if both 

(1) the image of F is contained in the essential image of P, and 

(2) F has the following unique isomorphism lifting property, when¬ 
ever y &T> and u G F~^{y), for every isomorphism 6 in V with 
domain y there is a unique isomorphism 6u in V with domain u 
such that F{0u) = 0. 



3. /C-ALGEBRAS 


We record here, for convenient reference, a folklore result (Proposi¬ 
tion 3.4) that seems surprisingly difficult to dig out of the literature. 
We emphasize that nothing in this section is new. Let /C denote the 
compact operators on a separable infinite-dimensional Hilbert space. 


Definition 3.1. A JC-algebra is a pair (A, t), where A is a C^-algebra 
and /C —)■ M{A) is a nondegenerate homomorphism. 
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Let {uij} be a system of matrix units for 1C. Then Cij = i{uij) gives 
a system of matrix units in M{A), and 

Cii = 1 strictly in M{A) . 

i 

Conversely, every such system of matrix units in M{A) uniquely deter¬ 
mines a nondegenerate homomorphism /C —)■ M{A). 

Definition 3.2. In the above situation we call {eij}fj^i a system of 
matrix units associated to i. 


Definition 3.3. Let (A, l) be a /C-algebra. The A-relative commutant 
of K, associated to i is 


C(A, i) := {a G M{A) : i{k)a = ai{k) G A for all k G 1C}. 

Proposition 3.4. If (A, l) is a IC-algebra, then the A-relative commu¬ 
tant C{A, i) is a nondegenerate C*-subalgebra of M(A), and there is an 
isomorphism 

6: C{A,i)®lC^ A 
given on elementary tensors by 

0{a ® k) = ai{k). 

Furthermore, if B is a C*-algebra, and if B ® 1C is regarded as a 
IC-algebra via the map 

l®id: k 1 b ® k 


then the map 
gives an isomorphism 


id 01: b b®l 


B ~ C{B 0 /C, 1 0 id). 


Proof. Let {cij} be a system of matrix units associated to i. For each 
i,j put 

-^ij ^iiACjj. 

Then A is the inductive limit of the increasing family of C^-subalgebras 

n 

-^\n ■— ^ ^ ^iji 

and the snbspaces Aij are linearly independent. For each i,j there is 
an isometric linear bijection Tij : Aij —)■ An given by 
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with All — t Aij given by a h- )■ enaeij. Then there is a C*- 
isomorphism A\n —)■ An ® Mn given by 

( n \ n 

*J=1 / *J=1 

For each n, identify with the upper left n x n corner of Mn+i- We 
have commuting diagrams 





All ® Tfn 

n 


^|n+l -^ ^11 ® Mn+l, 


and taking the inductive limit gives an isomorphism 

Lp = Ih^^ln = A h^(Aii 0 Mn) = An (g) 1C. 

We now show that C(T, t) is a nondegenerate C*-subalgebra of M{A), 
and that there is an isomorphism -ip: C{A, l) —)■ An given by 

■^(a) = aen- 

It is clear that C{A, l) is a C^-subalgebra of M(A), and is a homo¬ 
morphism because en commutes with C{A, l). 

Since the partial isometries have pairwise orthogonal range 

projections that sum strictly to 1 in M{A), we can dehne a nondegen¬ 
erate homomorphism a: An —t M{A) by 

= 5^Adeii(d) = 

i i 

where the sum converges strictly. The following computations show 
that <j{An) C C(T, i): 

n 

= Ciideij (which is in A) 

n 

cri^d^c^ij ^ 

that a is a left inverse for 

a o p){a) = y^egaeiieii 
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^ ^ Cl6ji6ij 

i 



i 


= a, 

and is also a right inverse: 

ip o a{d) = ejideijeii = enden = d. 


We see that C{A, l) is nondegenerate in M{A) since ip^An) is. 
We will now show that the isomorphism 

9 := o (-0 (g) id): C{A,i)®]C A 

is given on elementary tensors by 

9(a (E) k) = ai.(k), 

and it snffices to check on matrix nnits: 

9{a g) Uij) = <p“^(aeii g) Uij) 

= <p“^(aeii g Uij) for any n > i,j 
= 

= enaeiiCij 

= acij 
diiUij). 


For the other part, let 5 be a C*-algebra, and let {wp} be a system 
of matrix units for /C. Then 


ep g Uij 

gives a nondegenerate system of matrix units in M{B g /C), and in the 
notation of the above construction we have 


{B g /C)p = B ® Uij 

Tpi^{h g Mil) =b<EUii 

a{b) = 6 g 

C{B g /C, 1 g id) = i? g lx: — 5. 


(since uulCujj = Cuij) 


□ 


It follows from Proposition 3^ that a C^-algebra is stable if and 
only if its multiplier algebra contains a nondegenerate copy of /C; this 
characterization is contained in [HRl Theorem 2.1 (c)], although the 
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version we have stated is folklore that surely has been around much 
longer. 

Remark 3.5. If {A, l) is a /C-algebra, then 

||at(A;)|| = ||a|| ||A;|| for all a G C{A, i), k E IC. 

Indeed, this follows immediately from the isomorphism ai{k) 

and the equality ||a®/c|| = ||a||||A;||. 

For later convenience we identify the multipliers of the relative corn- 
mutant of /C; 

Lemma 3.6. If {A, l) is a IC-algebra, then 

M{C{A, i)) = {a E M{A) : i(k)a = ai{k) for all k E /C}. 

In particular, if B is a C*-algebra then 

M{C{B ® /C, 1 0 id)) = M{B) ® l,c C M{B O 1C). 

Proof. First let a E M(C{A, l)). We need to show that a commutes 
with every Cij. For all d E An we have 

Cijaa^d) = aa{d)eij (because aa{d) E C{A,i)) 

n ^ ^ Cnldeinf'ij 

n 

= aCiidcij 

n ^ ^ CijCnldein 
n 

= aeija{d), 

which suffices because a{Aii) is nondegenerate in M{A). 

On the other hand, suppose a commutes with every e^j. Then for all 
d E ^11, 

a{d)a = endeua 

i 

^ ) Giidacii 
i 

= a{da) (because da E An) , 


and hence C{A,i)a C C{A,i). Similarly, aC{A,i) C C{A,i). Thus a 
idealizes C{A, t), and so a E M{C{A, l)) since C{A, l) is nondegenerate 
in M{A). □ 
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4. Nondegenerate category equivalence 

In this section we parlay A ha C(A, t) into a qnasi-inverse for the 
stabilization fnnctor B ^ B K. 

Definition 4.1. In the nondegenerate category K, of JC-algebras 

{A, i), a morphism 0: [A, l) —)■ (-B, C,) is a nondegenerate homomorphism 
(p: A ^ M{B) snch that f o t = (. 

Remark 4.2. In categorical terminology, /C- is precisely the coslice 
category of objects in under 1C, often denoted /C f or 
and is a special type of comma category. 

Definition 4.3. The nondegenerate stabilization functor Stnd: —)■ 

is given on objects by R ha B<S)1C and on morphisms by 0 ha 0®idx:, 
and the embellished nondegenerate stabilization functor Stnd: —> 

/C - is given on objects by R ha (5 ® /C, 1 ® id^c) and on morphisms 
by 0 HA 0 ® id^c- 

The above is justified by the well-known facts that if 0: A —)■ M{B) 
is a nondegenerate homomorphism then 

0(g)idK:: A®K,^ M{B®K,) 

is a nondegenerate homomorphism such that 

(0 0 idyc)(lA ® k) = 1 b ® k for all /c G /C, 

and that 0 ha 0 ® id^^ is functorial. 

Theorem 4.4. The embellished nondegenerate stabilization functor 
st„d:c;d^/c-c;d is a category equivalence, and has a unique quasi¬ 
inverse functor whose object map is {A, l) ha C{A, l). 

Moreover, this quasi-inverse takes a morphism 0: {A,i) —)■ {B,() to 
the “restriction” 0|c(A,i) ■.C{A,i)^C{B,C). 

Proof. For the hrst statement it suffices to show that Stnd is full, faithful, 
and essentially surjective. To see that it is full and faithful, for C*- 
algebras A, B we must show that the map 0 ha 0 ® id^c from Mor(A, B) 
to Mor((yl (g) /C, ® id^c), (5 ® /C, ® id^c)) is bijective. This is 

well-known, although we include an argument for completeness; let 
0: A 0 /C -A M{B 0 /C) be a nondegenerate homomorphism such that 

0(1^ ® k) = 1 b ^ k for all A; G /C. 

We must show that there exists a unique nondegenerate homomorphism 
0: A —)■ M{B) such that 0 = 0® id^c- To get the homomorphism 0, it 



DESTABILIZATION 


11 


suffices to show that (the extension to M{A<^ JC) of) ijj maps A (g) lyc 
into M{B 0 lx) = m\b) 0 lx- if a G A then for all fc G /C we have 

(1b 0 k)'ip{a 0 1 ) = iP[{1a ® k){a 0 1 )) 

= ip{{a 0 l)(ln ® k)) 

= ip{a 0 1)(1b ® k), 

so 'ip{a 0 1) G M{B 0 1). Thus there is a unique homomorphism 
(j): A ^ M{B) such that 

0(a) 0 lyc = 0(0 0 lx) for a & A. 

To see that 0 is nondegenerate, let {aj} be an approximate identity for A. 
Since T 0 1 is nondegenerate in M(T 0 K) and 0: T 0 /C —)■ M{B 0 1C) 
is nondegenerate, 'iplai 0 1) —>■ 1 strictly va M{B ® K). Let h E B, and 
take k E 1C with ||/c|| = 1. Then 

||0(a06-6|| = \\(j){ai)b - b\\\\k\\ 

= 11(0(006 - 6) 0 k\\ 

= ||0(a06 0 A; — 6 0 /c|| 

= ||0(ai 0 1)(6 0 fc) - 6 0 k\\ 

-E 0 . 


A routine computation now shows that 0 = 00 idA;. 

To see that stabilization is essentially surjective, let {A, l) be a /C- 
algebra. Proposition 3T gives an isomorphism 

6: C{A,l)®1C^ a 

such that 0(a 0 fc) = ai^k), and it follows that 

0 0(10 idyc) = i- 


Thus 

((^(A, 0 0 AC, 1a 0 id^c) ^ (A, 0 inAC-C*d- 
It now follows from generalized abstract nonsense that the assignment 
(A, l) h-)■ C(A, l) extends uniquely to a quasi-inverse for the stabilization 
functor. 

Finally, the statement regarding morphisms now follows from the 
above and the techniques in the proof of |Mac98l Section IV.4, Theo¬ 
rem 1]. □ 


In the above theorem and proof, we did not follow the strategy 
of nominating a functor as a quasi-inverse and then verifying that 
the compositions of the two functors in either direction coincide with 
the appropriate identity functors, because it is more efficient to apply 
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|Mac98| Section IV.4, Theorem 1 and its proof]. The main beneht of our 
approach is that fimctoriality of the quasi-inverse follows automatically 
from the rest, by Mac Lane’s theorem and its proof. 

Definition 4.5. The nondegenerate destabilization funetor 
DStnd: —)■ C*jj is the quasi-inverse of Stnd with object map 

{A, i) I—)■ C(y4, i), described in the above theorem, and for a morphism 
{A,i) —)■ {B,() in ^-^nd write C{'ijj): C{A,l) —)■ C{BX) for 
the destabilization. 


Theorem shows that destabilization gives rise to an inversion of the 
stabilization functor B i—)■ i?(g)/C, with forgetful functor [A, l) i—)■ A. It is 
easy to check that this inversion is good: the objects in the image of the 
forgetful functor are precisely those C*-algebras that are isomorphic in 
C*d fo objects in the image of Stnd, and if (A, l) is an object in /C- C* ^ 
and 9\ A B is an isomorphism in C*^, then ( := 9 o l: IC ^ M{B) 
gives a /C-algebra (i?,C) such that 9\ (A, t) —)■ (S,C) is the unique 
isomorphism in /C - C* ^ with domain (^4, l) whose image under the 
forgetful functor is the given isomorphism 9\ A ^ B. 

Since we have a good inversion, |KOQ[ Proposition 4.2] gives the 
following immediate consequence: 


Corollary 4.6. For j = 1,2 let Lj\ K, ^ M{A) be a nondegenerate 
homomorphism, and suppose that Bj is a C*-algebra isomorphic to the 
relative commutant C{A, ij). Then Bi ~ B 2 if and only if there is an 
automorphism a of A such that 


a O Li = L2- 


5. Extending to Hilbert bimodules 

Proposition 5.1. Let {A,l) and (BX) be JC-algebras let X be an 
A — B Hilbert bimodule. Let C{A,l) and C{BX) be the associated 
relative commutants of fC, and put 

(5.1) C{X, i, C) = {a: G M{X) : L{k) ■ x = x ■ ({k) G X for all k G /C}. 
Then: 

(1) C{X,iX) becomes an C{A,i) — C{BX) Hilbert bimodule with 
operations inherited from the M{A) — M{B) Hilbert bimodule 
M{X), and moreover has linking algebra 

C(L,u;) = L(C(X,gC)), 

where u = (0 c) ■ 
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(2) When X is regarded as a {C{A, i) ® /C) — {C{B, () ® /C) Hilbert 
bimodule via the isomorphisms A ~ C{A,l) 0 /C and B ~ 
C{BX) <8)/C of Proposition 3.4[ there is an isomorphism 


C{X,iX)®}C 


X 


of {C{A,i) 0 /C) — (C(i?,C) 0 hZ) Hilbert bimodules given on 
elementary tensors by 


T 0 fc H-)■ X • C(fc). 

(3) The C{A,l) — C{BX) Hilbert bimodule C{X,lX) is right-full 
{respectively, left-full) if and only if the A — B Hilbert bimodule 
X is; in particular, C{X,iX) is an imprimitivity bimodule if 
and only if X is. 

Furthermore, if C and D are C*-algebras and Y is a C — D Hilbert 
bimodule, then 


C{Y 0 /C, Ic 0 id, lij 0 id) ~ Y 
as C — D Hilbert bimodules. 


Note that in the hnal statement of the above proposition we turned 
the C(C 0 /C, Ic 0 id) — C{D ® KLAd ® id) Hilbert bimodule C(Y ® 
/C, 1(7 0 id, 1^) 0 id) into a,C — D Hilbert bimodule via the isomorphisms 
C{C ® HAc ® id) ~ C and C(Z1 0 /C, 0 id) ~ 


Proof. (1) This could be proven by adapting the arguments in the proof 
of Proposition 3.4 — for example, we would start with Xij = cu- X ■ fjj, 
where {cij} and {fij} are matrix units associated to l and (, respectively. 


But it is instructive to instead apply Proposition 3.4 to the linking 
algebra. Let L = L{X) = be the linking algebra of the Hilbert 

bimodule X, with associated complementary projections 


p = 


Ia 0 
0 0 


in M{L). Then 


and 

Q = 

(i{k) 

0 

\ 0 

Cik) 


0 0 
0 1b 


ijj{k) = 

gives a nondegenerate homomorphism ca: /C —>■ M{L), and 

0 

0 h, 


9ij 


_/ 


is an associated system of matrix units. Thus, by Proposition |3.4| there 
is an isomorphism 

9: C{L,u:)®iZ ^ L 
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given on elementary tensors by 

0{c ® fc) = cuj{k). 

We easily see that p G M{C{L,u)): for all i,j, 


9ijP 


_ / 


0 


0 

fij 


1 0 
0 0 


_ ( 


0 


1 0 
0 0 


0 


0 

fij 


P9ij- 


Thus p and q = 1—p are complementary projections in M{C{L,u)), 
so pC{L,u)q is a. pC{L,u)p — qC{L,u)q Hilbert bimodule. 

Plnim- 

_fC{A,i) C{X,iXy 


cmu) = r 


C{BX) 

where we no longer bother to specify the lower left corners of linking 
algebras. By, for example, |EKQR06 Proposition 1.51], 


M{L) = 


^{A) M{X)\ 


M{B)J ■ 

Thus pM{L)p = M{A). Consequently, 

pC{L, u)p = {a e M{A) : ( 0 0 ) = ( 0 0 ) e L for all i, j}- 

Since 

9ij 


a 0 
0 0 


_ / 


0 


0 

fij 


a 0 
0 0 


CijU 0 

0 0 


and similarly ( o o) 5'p = ( o ) ’ since L fl M{A) = A, we see that 
pC{L,u)p = C(H, t). Similar computations show that qC{L,oj)q = 
C{B, 0 and pC{L,u)q = C{X, t, (^), proving the claim. It follows that 
C{X, t, C) is a C{A, l) — C{B, () Hilbert bimodule, with linking algebra 

C(L,u;) = L(C(X,,,())■ 

(2) Note that the linking algebra of the (C(A, i) ® /C) — (C(B, () ® /C) 
Hilbert bimodule C(X, t, 0 /C is 

T(r(x , A6 ^ic\- C'(x,gC)®/c 

~ T(C(X, G ())®x = C{L, uj)®x 

(see, e.g., |EKQR06| Re mar k 1.50]). The isomorphism 6\ C{L,u)) 0 
/C L of Proposition 3.4 restricts on the upper right corner to an 
isomorphism of (C(A, t) 0 /C) — {C{B, Q 0 /C) Hilbert bimodules. The 
upper right corner of L{C{X, l, () 0 /C) is C(X, t, () 0 /C, and the upper 
right corner of L is X. For all x E C(X, l, () = pC(L,u;)q we have 

x®gij = x® fij and xgij = x ■ fij. 
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Thus 6 restricts on the upper right corner to an isomorphism C{X, i,()0 
1C ^ X such that x ® fij ^ x ■ (ifij), and (2) follows. 

(3) We prove that if X is right-full then so is C{X, l, (); the proof on 
the other side is similar, and we omit it. By |EKQR06 Proposition 1.48], 
since X is right-full the projection p is full in M{L), and it suffices to 
show that p is full in M{C{L,u;)). 

Note that the canonical extension to multiplier algebras of the isomor¬ 
phism 6: C{L,u) ® /C —!■ L takes the same form on elementary tensors: 
9{c ® fc) = culk) for all c G M{C{L, co)), k G M(/C). Thus 

9{p ® Ik) = P, 

so 9~^ takes the projection p in M{L) to p ® 1. Thns p (E) 1 is fnll in 
M{C{L,u)^}C), and it follows that p is a full projection in M{C{L,u)). 

Finally, let T be a C — H Hilbert bimodule. Then from the above 
we have a C(C ® /C, Ic 0 id) — C(Z1 0 /C, 0 id) Hilbert bimodnle 

C{Y<S)IC, lc0id, 11)0 id), which we regard as aC — D Hilbert bimodule 
via the isomorphisms C'(C0/C, lc0id) ~ C and C{D®X, lD0id) ~ D. 
It follows that we have isomorphisms 

'C ^(T 0/C, Ic 0 id, li) 0 id)' 

K D 

^ /C(C 0 /C, Ic 0 id) C{Y 0 /C, Ic 0 id. Id 0 id) 

* C(T) 0/C, Id 0 id) 

= L[C{Y 0 /C, Ic 0 id. Id 0 id)) 

° " (by (1)) 


Id ® id 


= c[l{Y®1C), 

~ C {L{Y) 0 /C, Il(y) ® id) 

~ L{Y) 

C Y 
* D 

of C^-algebras that preserve the projection (]]), and it follows that 
(^(T 0 /C, Ic 0 id. Id 0 id) — T as C — D Hilbert bimodnles. □ 


6. Enchilada category equivalence 


We now want an analogue of the equivalence of Theorem |4.4[ but for 
the enchilada categories. 


Definition 6.1. The enchilada category /C -0*^ of X-algebras has the 
same objects as /C- C* j, bnt now when we say [X]: (H, l) —)■ {B, () is 
a morphism in the category we mean [X]: H —)■ H in C*„. 
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we could call K. ■ 


C*n a 


semi- 


Re mark 6.2. In the spirit of |HKRWiT 
comma category” — it is not quite the comma category of objects of 
under /C, because we don’t require the morphisms to be in any way 
compatible with the embeddings of K,. 


If X is a nondegenerate A — B correspondence, it is well-known that 
the external tensor product X®/C is a nondegenerate (A®/C) — {B®1C)- 
correspondence. If 0: X —)■ X is an isomorphism of (nondegenerate) 
A — B correspondences, then 0®idx:: X®/C—>'y®/Cisan isomorphism 
of {A®1C) — {B®1C) correspondences. By |EKQR06 Lemma 2.12], if we 
have aiv A — B correspondence X and a, B — C correspondence Y (both 
nondegenerate), then there is an (A ® /C) — (C ® K.) correspondence 
isomorphism 


0: (X®/C) ®B®yc (X®/C) ^ (X ®bX)®/C 


such that 


0((a; ® /c) ® (y ® m)) = (x ® y) ® km ioi x ^ X, y E Y, k, m E JC. 
This justihes the following: 


Definition 6.3. The enchilada stabilization functor Sten: Cgn 
is the same as Stnd on objects, but is given on morphisms by [X] i—)■ 
[X®/C], and the embellished enchilada stabilization functor Sten: —)■ 

/C-C*n is the same as Stnd on objects, and is the same as Sten on 
morphisms. 


Theorem 6.4. The embellished enchilada stabilization functor 
Sten: Cen “^ “ 0*^ is o Category equivalence, and has a unique 
quasi-inverse functor whose object map is {A, l) h->• 0(^4, i). 


Proof. We follow the same overall strategy as in Theorem 4.4: we show 
that Sten is fnll and faithful, and that for every /C-algebra {A, l) we 
have 

(0(y4, i) ®/C, 1a ® idyc) ^ (A, 0 in/C-C*n. 

This latter part, a particular way for stabilization to be essentially 
snrjective that by generalized abstract nonsense will also take care 
of the second statement of the theorem, follows immediately from its 
earlier connterpart Proposition |3.4[ becanse isomorphism of objects 


in the nondegenerate category is stronger than isomorphism in the 
enchilada category. 

So, it remains to show that the map 


(6.1) [X] ^ [X ® /C] 

from Mor(74, B) to Mor((y4®/C, lA®idyc), (i?®/C, lB®idyc)) is bijective. 
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For the surjectivity of (6.1), we argue slightly more generally: let 
(A, 7 ) and (i?,C) be /C-algebras and let X be a nondegenerate A — B 
correspondence. We will show that there is a nondegenerate C{A, l) — 
() correspondence C(X, l, () such that 

c(x, t,c) ®/c ~x 


as A — B correspondences (where the (C(A, <.) ® /C) — {C{B, () ® /C) 
correspondence C{X, 7 , (C) 0 /C is turned into an A — B correspondence 
with the help of the isomorphisms C{A,l) 0 /C ~ A and C{B,() ® 
/C ~ S). To apply this to the surjectivity question, given a (C 0 
/C) — (D 0 /C) correspondence X, hnd a C(C 0 /C, 7 ) — C{D ® ICX) 
correspondence C(X, 7, Q such that C(X, C)®1C ~ X as (C'0/C) —(Zl0 
/C) correspondences, then regard C(X, iX) as a C — D correspondence 
via the isomorphisms C(C 0 /C, 7 ) ~ C and C{D ® XX) — D. 

Now, X can also be regarded as a left-full E — B Hilbert bimodule, 
where E = /C(X). The left-module multiplication of H on X is given 
by a nondegenerate homomorphism 


and then the composition 


0: H -> £(X), 


L]^ :— 0 o i ; /C —>■ M{E) 

is nondegenerate, giving E the structure of a /C-algebra. Let C{X, leX) 
be the left-full C(E,le) — C{BX) Hilbert bimodule from Proposi¬ 
tion 5 ]^ Letting (7(0): C{A,i) —)■ M{C{E,le)) be the nondegener¬ 
ate homomorphism given by the nondegenerate destabilization functor 
DStnd, C{X, le, C) can be regarded as a nondegenerate C(H, l) — C{B, () 
correspondence, and we shorten the notation to C(X, l, Q. From Propo¬ 
sition 5T we have an isomorphism 

Ox-. C{X,lX)®IC ^ X 


oi E — B Hilbert bimodules, and we need to show that 6x preserves 
the left H-module structures, so that we will have [C(X, l, C) 0 /C] = 
[X] as morphisms from H to H in /C - C*„ . Due to the isomorphism 


6a - C{A, i) 0 /C —)■ A of Proposition 3.4 the following computation 


suffices: for a G C{A, l), x E X, and k,m E X we have 


6x{6A{a 0 /c) • (x 0 m)) = dx{{a 0 /c) • (x 0 m)) 

= 6xX ■ X ® km) 

= {a ■ x) ■ C{km) 


= a-x- C{k)C{m) 
= a ■ iE{k)x ■ C(7u) 








18 


KALISZEWSKI, OMLAND, AND QUIGG 


= a ■ i{k) ■ X ■ Cij^) 

= {ai{kf) ■ X ■ Cij^) 

= Oa^o, ® k) ■ 9x(x ® m). 

Note that the dehnition of the relative-commutant Hilbert bimodule 
from Proposition 5.1 is 


C{X, i, C) = {x G M{X) : iE{k)x = x ■ ({k) E X for all k E /C}, 

but this can be computed without appealing to the imprimitivity algebra 
E: it follows from the construction that 

C{X, 1 , C) = {x G M{X) : i(k) ■ X = X ■ ({k) E X for all k E 1C}. 


Finally, for the injectivity of (6.1), it suffices to show that if [X] 
is a morphism from H to i? in 0*^, and if we let i = 1 a® idyc and 
C = Is <8) idyc, and regard C{X ® 1C, l, Q as an H H correspondence 
via the isomorphisms C{A ®lC,i) ~ H and C{B ® )C,() ~ B, then 
[X] = [C{X®]C,i,0] in c:„, i.e., 

C(X ® /C, 1 , C) ~ X as A — B correspondences . 


Letting E = /C(X), we know from Proposition 5.1 that there is an 
isomorphism 

a: C{X®lC,i,Q ^X 

oi E — B Hilbert bimodules, and we need to know that it preserves 
the left H-module structures. It will help to be a little more precise 
concerning a\ the last part of the proof of Proposition 5.1 gives an 
isomorphism 


= 


idij a 
* ids 


E C'(X®/C,gC) 
* B 


-)■ 


E X 
* B 


of matrix algebras. Let a E A and y E C{X ® K,, l,(), and let {e*} be 
an approximate identity for E. Then 

0 cr(0c(A(giK:,i,c)(®)^i^) 

0 0 


0 a{a-y) 
0 0 


= lim 


= lim 


0 (j)x{a)eia{y) 
0 0 


= lim 


(j)x{a)ei 0 
0 0 


0 a{y) 
0 0 


0 


0 a{y) 
0 0 
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by the strict-continuity clause of |EKQR06 


Proposition 1.51], 


(t)x{a)a{y) 

0 


so 


0 a ■ a{y) 
0 0 


a{a-y) = a- a{y). 


□ 


Remark 6.5. Theorem 6.4 gives an inversion (in the technical sense 


of KQQ Dehnition 4.1]) of the enchilada stabilization functor Sten 
However, this inversion is not good. To see why, just note that a 
C^-algebra can be isomorphic in the category to something in 
the image of the forgetful functor (A, l) ^ A without itself being in 
this image, since nonstable C^-algebras can be Morita equivalent to 
stable ones, and so the image of the forgetful functor 1C - 0*^^ — 
is not contained in the essential image of Sten: However, 

similarly to KOQ[ Remark 5.6], the forgetful functor is conservative 
(and hence so is Stnd) and essentially surjective. 


Remark 6.6. Perhaps it is of interest to note that our use of category- 
theory techniques obviated the need to directly establish that the 
assignments X i—>■ C{X, l, Q from /C-compatible A — B correspondences 
to C{A, l) — C{BX) correspondences is functorial up to isomorphism; 
this would have required that we prove an isomorphism of the form 

C{X Y, i) ~ C{X, i, C) C{Y, i), 

but in fact it follows from the properties of category equivalences. 


6.1. Restricting to stable algebras. Recall that isomorphism in 
the nondegenerate category is the usual isomorphism of C*-algebras, 
whereas isomorphism in the enchilada category is Morita equivalence of 
C*-algebras. By jBGR77j Theorem 3.4], every imprimitivity bimodule 
between stable G*-algebras possessing strictly positive elements (in par¬ 
ticular, between separable stable algebras) is isomorphic to one coming 
from an isomorphism between the G^-algebras. Since we are considering 
the stabilization process, it is natural to ponder the ramihcations for 
our two categories. 

A morphism in is a nondegenerate homomorphism 0: A —)■ 
M{B), and this determines a standard A — B correspondence B^, where 
the Hilbert R-module structure comes from the algebraic operations 
of B and the left A-module structure comes from 0. Two standard 
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A — B correspondences and B^ are isomorphic if and only if there is 
a unitary u G M{B) such that "0 = Adw o 0 [EKQROO Proposition 2.3] 
(see also [BGR771 Corollary 3.2]). It follows that there is a functor 
E : —)■ that is the identity on objects and takes 0 to [B^]. This 

functor E is trivially essentially surjective, but it is not faithful, and 
is certainly not full, since nonisomorphic C^-algebras can be Morita 
equivalent. 

We wish to make the point here that E becomes full (in a nontrivial 
way) if we restrict to a suitable subcategory. In view of the Brown- 
Green-Rieffel theorem, it seems clear that we should restrict to stable 
G*-algebras possessing strictly positive elements. Our strategy is to 
“factor” a correspondence into a homomorphism and an imprimitivity 
bimodule. Given a nondegenerate A — B correspondence X, we have 
a nondegenerate homomorphism ip\ A ^ = M(/C(X)), and X 

is also a left-full /C(X) — B Hilbert bimodule. We actually want an 
imprimitivity bimodule, so we should restrict to full correspondences. 

But there is a subtlety: although we’ve already agreed that we’ll 
require A and B to have strictly positive elements, there’s no reason 
to expect that /C(X) will have any — for example, we could have 
A = B = C, and X could be a nonseparable Hilbert space, and then 
/C(X) does not have a strictly positive element (essentially because 
every compact operator has separable range). In fact, assuming B has 
a strictly positive element, we do not see any obvious condition on a 
Hilbert R-module X that would guarantee that /C(X) has a strictly 
positive element too. To simplify the discussion, therefore, we stick to 
separable G*-algebras and correspondences. This removes the preceding 
worry, since if X is a separable Hilbert R-module and B is separable, 
then /C(X) is separable also. 

So, we restrict to the full subcategory SS - C* of C* ^ whose objects 
are the separable stable G*-algebras. The functor E takes SS-C* 
into the (nonfull) subcategory SSF - 0*^ of 0*^ whose objects are 
again separable and stable, and whose morphisms are isomorphism 
class of full nondegenerate separable G*-correspondences. It is an easy 
consequence of the Brown-Green-Rieffel theorem that in fact E maps 
SS-C* onto SSF-C*jj. To see this, let X be a full nondegenerate 
separable A — B correspondence. Then /C(X) is separable, and X is a 
/C(X) — B imprimitivity bimodule, so by |BGR77( Theorem 3.4] there 
exist isomorphisms 

9: /C(X) ^ B 
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Letting tp-. A ^ M(/C(X)) = C{X) be the left A-module structure, 
we get a full nondegenerate A — B correspondence Bqo^. Obviously 0 
preserves the left A-module actions, so gives an isomorphism oi A — B 
correspondences. Thus 

[X]=E{Be.^) inSSF-C:„. 


6.2. Double crossed products. There is a connection to crossed- 
product duality: for an infinite second-count able locally compact group 
G, the result |KQR08[ Proposition 5.3], translated into the context of 
full-crossed-product duality, can be restated as follows: the assignments 

(6.2) {A, a) I—)■ (A xIq G X 5 G, a, ic ><• and 0 1 —)■ (/> x G x G 


give an equivalence of the nondegenerate category of G-actions with an 
equivariant category of /C-algebras. Here 


ic X G: C*{G) y^sa G ^ M{A x„ G xg G) 


is the crossed product of the equivariant homomorphism Iq-. G*(G) —)■ 
M{A Xq, G). The functor (6.2) can be regarded as the composition of 
two “crossed-product-type” functors: 


(1) {A, a) H->• {A Xq G,a,ic) from the nondegenerate category ac¬ 
tions to a nondegenerate category of “equivariant” coactions, 
where a typical object {B, 6, V) comprises a. 6 g — S equivariant 
nondegenerate homomorphism V: G*{G) —)■ M{B) (see IKOQI 
Section 2], and 

(2) {B,6,V) I—>• {B x^ G,6,V x G) from the above category of 
equivariant coactions to the equivariant category of /C-algebras. 


Anyhow, using the canonical isomorphism 


(G*(G)x 5« G,5G)^(/C,Adp), 


where /C = /C(L^(G)) and p is the right regular representation of G on 
L‘^{G), the homomorphism 


P X G: G*(G) x^g G ^ M{B X5 G) 

can be identihed with an Ad p — 6 equivariant homomorphism /C —)■ 
M{B X 5 G), and this is how the crossed-product-type functor in (2) 
above can be regarded as going from equivariant coactions to equivariant 
/C-algebras. 

On the other hand, the assignments 


(A, a) I-)- (A 0 /C, a ® Ad p, 1 m(A) ® id^:) and 0 h-)- 0 ® id^c 
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give another equivalence of the nondegenerate category of actions to 
the equivariant category of /C-algebras. The canonical map 

$: AxIqGxsG—)- yl(8)/C 


gives a natural isomorphism between these two equivalences. 

In |KQR08[ Proposition 5.3] there is no specified quasi-inverse, but the 
techniques of this paper show that we can recover A up to isomorphism 
from the double crossed product A XaG as the relative commutant 

G(A XaG xqGAg X G). 


In fact, this is how Fischer constructs the maximalization of a coaction in 
IFisOdj . Of course, the corresponding isomorphic copy of the given action 


a is then recovered by restricting to the relative commutant of (the 
canonical extension to multipliers of) the inner action Ad(jAxiaG ° ^g)- 
A similar discussion can be given for the dual situation, starting with 
a maximal coaction {A, 5) and producing the equivariant /C-algebra 


{A xs G x-gG,S,jG X G). 


References 


[BGR77] 

[EKQROO] 

[EKQR06] 

[Fis04] 

[HR] 

[HKRWll] 

[KOQ] 

[KQR08] 


L. Brown, P. Green, and M. Rieffel, Stable isomorphism and strong 
Morita equivalence of C*-algebras, Pacific J. Math. 71 (1977), 349-363. 
S. Echterhoff, S. Kaliszewski, J. Quigg, and I. Raeburn, Naturality and 
induced representations, Bull. Austral. Math. Soc. 61 (2000), 415-438. 

_, A Categorical Approach to Imprimitivity Theorems for C*- 

Dynamical Systems, vol. 180, Mem. Amer. Math. Soc., no. 850, American 
Mathematical Society, Providence, RI, 2006. 

R. Fischer, Maximal coactions of quantum groups. Preprint no. 350, 
SFB 478 Geometrische Strukturen in der Mathematik, 2004. 

J. V. B. Hjelmborg and M. Rprdam, On stability of C*-algebras, J. Funct. 
Anal. 155 (1998), 153-170. 

A. an Huef, S. Kaliszewski, I. Raeburn, and D. P. Williams, Naturality 
of Rieffel’s Morita equivalence for proper actions, Algebr. Represent. 
Theory 14 (2011), no. 3, 515-543. 

S. Kaliszewski, T. Omland, and J. Quigg, Three versions of categorical 
crossed-product duality, preprint, arXiv:1503.00663 [math.OAj. 

S. Kaliszewski, J. Quigg, and I. Raeburn, Proper actions, fixed-point 
algebras and naturality in nonabelian duality, J. Funct. Anal. 254 (2008), 
2949-2968. 


[Mac98] 


S. Mac Lane, Categories for the working mathematician, second ed., 
Graduate Texts in Mathematics, vol. 5, Springer-Verlag, New York, 


1998. 









DESTABILIZATION 


23 


School of Mathematical and Statistical Sciences, Arizona State 
University, Tempe, Arizona 85287 
E-mail address: kaliszewski@asu.edu 

School of Mathematical and Statistical Sciences, Arizona State 
University, Tempe, Arizona 85287 
E-mail address: omland@asu.edu 

School of Mathematical and Statistical Sciences, Arizona State 
University, Tempe, Arizona 85287 
E-mail address: quigg@asu.edu 



